Following the emergence of many novel two-dimensional (2D) materials beyond graphene, interest has grown in exploring implications for fundamental physics and practical applications ranging from electronics, photonics, and phononics to thermal management and energy storage. In this Colloquium, a summary and comparison are given of the phonon properties, such as phonon dispersion and relaxation time, of pristine 2D materials with single-layer graphene to understand the role of crystal structure and dimension on thermal conductivity. A comparison is made of the phonon properties, contrasting idealized 2D crystals, realistic 2D crystals, and 3D crystals, and synthesizing this to develop a physical picture of how the sample size of 2D materials affects their thermal conductivity. The effects of geometry such as the number of layers and the nanoribbon width, together with the presence of defects, mechanical strain, and substrate interactions on the thermal properties of 2D materials are discussed. Intercalation affects both the group velocities and phonon relaxation times of layered crystals and thus tunes the thermal conductivity along both the through-plane and basal-plane directions. This Colloquium concludes with a discussion of the challenges in theoretical and experimental studies of thermal transport in 2D materials. The rich and special phonon physics in 2D materials make them promising candidates for exploring novel phenomena such as topological phonon effects and applications such as phononic quantum devices.
A thorough understanding of heat conduction, on the one hand, is of primary importance for fundamental research such as constructing microscopic pictures for macroscopic irreversible heat transfer, and, on the other hand, provides a theoretical basis for thermal energy control and management. The latter is crucial in our daily life, ranging from thermal management of electronic devices such as smart phones and power inverters in hybrid or all electric vehicles to power generation and energy utilization processes. In the macroscopic world, thermal conductivity is used as an indicator for the heat conducting capability of a material, implying that the phenomenological Fourier's law of heat conduction, which states that the heat flux is proportional to the temperature gradient, is valid.
With the rapid development of novel materials, in particular, low-dimensional materials such as quasi-one-dimensional (1D) nanowires, nanotubes, polymer fibers, and twodimensional (2D) materials, such as graphene and transition metal dichalcogenides, one may ask: is Fourier's law of heat conduction (which describes diffusive transport of energy carriers) still valid in such low-dimensional materials? Answering this question is not trivial: it not only enriches our understanding of the nature of heat conduction but also may provide theoretical guidelines for applications of lowdimensional materials.
In the last few decades, we have witnessed important progress in this direction, resulting from the efforts made by physicists, mathematicians, and engineers. First of all, important progress in understanding of phonon transport in (quasi-) 1D systems has been achieved. Through many intensive numerical simulations (Lepri, Livi, and Politi, 2003 , Dhar, 2008 , Lepri, Livi, and Politi, 2016 and mathematical proofs (Prosen and Campbell, 2000) , 1 thermal conductivity is not found to be an intensive property. Rather, thermal conductivity is divergent with system size in many 1D momentum conserved lattices and toy models [a more detailed discussion is given by Sato (2016) ]. Different approaches such as hydrodynamics and renormalization group theory (Narayan and Ramaswamy, 2002; Mai and Narayan, 2006) , mode coupling theory (Lepri, 1998; Lepri, Livi, and Politi, 1998) , and Peierls-Boltzmann transport theory (Pereverzev, 2003) have been employed to show that the thermal conductivity follows κ ∼ L ς , where L is the sample length and the exponent ς varies from system to system. This divergent thermal conductivity is shown to be connected with superdiffusion of phonons (S. .
The phononic thermal conduction in a quasi-1D system might not be the same as that in 1D lattice and toy models, because the atoms in the quasi-1D nanostructures can vibrate in the three-dimensional (3D) real space. However, anomalous thermal conduction behavior has also been observed in numerical simulations for carbon nanotubes (Maruyama, 2002; Zhang and Li, 2005) , nanowires (Yang, Zhang, and Li, 2010) , and polymer chains Chen, 2008, 2009; Liu and Yang, 2012) . It has been pointed out that if only the first-order three-phonon scatterings are considered, the thermal conductivity of nanotubes is indeed divergent with length, where the exponent ς has a value between 1=3 and 1=2. If the three-phonon scattering to second order is included in the calculations, the thermal conductivity converges to a finite value, but for very long nanotubes. This theoretical prediction has not yet been experimentally confirmed.
These theoretical and numerical studies have been naturally extended to 2D systems, although the studies are much more challenging as the degrees of freedom are significantly increased. The mode coupling theory (Ernst, Hauge, and Van Leeuwen, 1971 , 1976a , 1976b Lepri, Livi, and Politi, 2003) , renormalization theory (Narayan and Ramaswamy, 2002) , and numerical simulations (Lippi and Livi, 2000; Yang, Grassberger, and Hu, 2006; Xiong et al., 2010; Wang, Hu, and Li, 2012) show that thermal conductivity in 1 Note that later development found that momentum conservation does not necessarily mean an anomalous energy transport. For example, in the rotator model (Gendelman and Savin, 2000; Giardina et al., 2000) , although the angular momentum is conserved, the system demonstrates a finite thermal conductivity. However, further analysis found that this model does not support a nonvanishing pressure, and thus the infinite-wavelength phonons cannot carry any energy current. Recent numerical works also showed that in some momentum conserved 1D system with asymmetric interparticle potential, the thermal conductivity is finite . It was later demonstrated that this seemingly convergent thermal conductivity is a finite size effect. When the system size becomes larger, the system shows again a divergent thermal conductivity (Wang, Hu, and Li, 2013; Das, Dhar, and Narayan, 2014; Savin and Kosevich, 2014) . More recent works by Gendelman and Savin (2014) and Sato (2016) showed that in 1D momentum conserved systems, thermally activated dissociation and increased pressure can make the thermal transport normal.
2D anharmonic lattices diverges logarithmically with system size (L × L), namely, κ ∼ logðLÞ. However, a rigorous mathematical proof from the fundamental symmetry of the system and fundamental law of conservation such as in 1D systems (Prosen and Campbell, 2000) is still lacking for 2D systems.
On the other hand, the novel 2D materials exemplified by graphene provide a great playground for scientists and engineers. In particular, the pioneering experimental measurements using the optothermal Raman method (Balandin et al., 2008) showed that single-layer graphene may have a thermal conductivity between 2000 and 5000 W=mK at room temperature, even higher than that for diamond. This result has inspired many studies aiming at both understanding its underlying physics and exploring potential applications for heat exchangers and thermal management. Notably, those studies on phonon transport and thermal conductivity of graphene have laid a solid foundation for other emerging 2D materials, as reviewed by Balandin (2011) , Balandin (2012, 2017) , Pop, Varshney, and Roy (2012) , Sadeghi, Pettes, and Shi (2012) , Wang et al. (2014) , Xu, Li, and Duan (2014) , and Li et al. (2017) .
Over the past decade, many novel 2D materials have emerged. Some of them have been shown to have similar or even superior electronic and optical properties than graphene and are proposed for a wide range of applications, such as field-effect transistors, light-emitting diodes, spintronics and valleytronics, topological insulators, catalysts, and energy storage. Understanding phononic thermal properties of such 2D materials could be very important for the design of novel 2D materials-enabled applications. However, most of these 2D materials are different from the "one-atom-thick" single-layer graphene, making the direct application of existing knowledge of graphene to other 2D materials questionable.
Controlling the thermal properties of 2D materials could enable new generations of thermoelectric materials, thermal insulators, and even phononic computing devices. The best thermoelectric materials, such as Bi 2 Te 3 -based alloys, are indeed layered materials. The diversity of 2D materials could lead to novel thermoelectric materials and fully dense superior thermal insulators with ultralow thermal conductivity by manipulating phonon mismatch between different layers of 2D materials. 2D materials may offer a novel platform to realize phonon thermal diodes, phonon transistors, topological phonon insulators, and even quantum memories and quantum sensors.
With the rapid discovery of novel 2D materials, and the increasing number of papers on the phonon and thermal properties of 2D materials, it is desirable to have a comprehensive picture about the state of the art of this field. Indeed, there are already quite a few recent review articles on distinct aspects of the thermal properties of 2D materials in addition to the aforementioned reviews on graphene: Wang et al. (2017) summarized the progress of measurement methods, and Xu, Chen, and Li (2016) provided a critical review on the advantage and disadvantage of existing numerical and experimental techniques and the respective challenging issues. While focused more on the cutting-edge thermal devices such as thermal diodes and thermal modulators with graphene and MoS 2 , reviewed the diversity of thermal properties in other 2D materials.
In this Colloquium, we aim to provide a physical picture of how phonon scattering in 2D materials influences their thermal transport properties. This Colloquium not just summarizes the existing results (including numerical, theoretical, and experimental), but gives a pedagogical introduction to the physical picture of phonon scattering and thermal properties in both pristine 2D materials and their use in practical applications. The following fundamental questions will be answered: (a) Can phonons in a suspended single-layer 2D material undergo diffusive motions that lead to a normal heat conduction, i.e., is the thermal conductivity independent of dimensions such as width and length? Since suspended single-layer 2D materials are very fragile and not easy to manipulate, they might not be suitable for many practical applications. A quite logical step is to substitute them with multilayer thin films. How does the interlayer interaction affect the phonon transport? (b) In most applications, 2D materials sit on a substrate or are in contact with a metal electrode. How does the substrate or the electrode material affect phonon transport? This is an important question since the substrate induces additional channels for phonon transport and phonon scattering. (c) Imperfections such as point defects, vacancies, and grain boundaries inevitably occur in 2D materials. How do imperfections and mechanical strains change the thermal conductivity? (d) It is rather exciting that 2D materials can be functionalized and intercalated. How can the thermal properties of layered 2D materials be tuned through surface functionalization and intercalation? We answer these questions in Sec. II from the phonon scattering picture, aiming to give readers a comprehensive physical picture of thermal behavior of 2D materials and its connection with the crystal structures of these materials. Discussions in Sec. II are focused on pristine 2D materials, neglecting defect scattering, boundary scattering, and interface scattering. Since defects and impurities are ubiquitous in real materials, in Sec. III we discuss how defects interfere with phonons and subsequently affect the thermal conductivity. More importantly, surface functionalization and chemical intercalation render an opportunity to tune the thermal conductivity of 2D materials that could enable new functionalities. In Sec. IV, we summarize the main discoveries of current research on phonon and thermal properties of 2D materials, along with the challenges and difficulties in both experimental and theoretical studies. We also suggest some potentially fruitful research directions for 2D materials including electronic thermal transport, topological phonon effect, quantum memory, and sensors.
II. PHONON AND THERMAL PROPERTIES OF PRISTINE 2D MATERIALS

A. Basics of thermal transport in 2D materials
The ability of a solid to conduct heat is characterized by the thermal conductivity κ, which relates a resultant heat flux J to an applied temperature gradient ∇T via the phenomenological Fourier's law of heat conduction J ¼ −κ · ∇T. Depending on the crystal structures, the thermal conductivity can be a scalar in ideally isotropic materials or a tensor in anisotropic materials.
For semiconductors and insulators, heat is mainly carried by phonons, the quantized lattice vibration. According to the kinetic theory (Ziman, 1960; Ashcroft and Mermin, 1978; Chen, 2005) , the thermal conductivity in a crystalline material is determined by mode-dependent heat capacity c, group velocity v, and relaxation time τ or mean free path Λ through
where the subscript qs denotes a phonon mode in the sth phonon branch with a momentum ℏq (ℏ is the Planck constant). The mode-dependent heat capacity c qs is expressed as ℏω qs ∂f 0 qs =∂T, where f 0 qs ¼ 1=½expðℏω qs =k B TÞ − 1 is the equilibrium phonon population function obeying the BoseEinstein statistics, ω qs is the phonon frequency, and k B T the product of the Boltzmann constant and the absolute temperature. The phonon dispersion and phonon scattering in this equation can be calculated to reasonably good accuracy by using first-principles-based calculations (Esfarjani, Chen, and Stokes, 2011; Garg et al., 2011; ). The thermal conductivity can then be determined through the Peierls-Boltzmann transport equation (PBTE) (Broido et al., 2007; Ward et al., 2009; Fugallo et al., 2013) .
In engineering applications, thermal conductivity is generally regarded as an intensive material property that is independent of sample size. This, however, is valid only when phonon transport is diffusive (Chen, 2001) . When the sample size along the transport direction is much smaller than the phonon mean free path Λ qs ð¼ v qs τ qs Þ, phonons propagate ballistically across the sample without experiencing appreciable scattering. This is the case in thin films where the thermal conductivity decreases as films become thinner due to the increase of phonon-boundary scattering (Ju and Goodson, 1999) . The diffusive phonon transport entails a constant thermal conductivity for sufficiently large samples of 3D materials. However, for some low-dimensional systems, especially in 1D systems (Lepri, Livi, and Politi, 2003; Yang et al., 2012; Chang, 2016) , the thermal conductivity does not necessarily converge to a constant value even when the length of a 1D sample is large because there is no scattering mechanism to guarantee diffusive transport.
Even though no rigorous proof is available on whether heat conduction in 2D materials obeys Fourier's law of heat conduction, detailed in Sec. II.B, we adopt the terminology "effective" thermal conductivity used in most literature and compare the heat conducting capability of a few 2D materials, as shown in Fig. 1 . The temperature-dependent thermal conductivity values from both the first-principles calculations Yang, 2014, 2015; Lindsay et al., 2014; Zhu, Zhang, and Li, 2014; Cepellotti et al., 2015; Jain and McGaughey, 2015; Wang et al., 2015; Peng et al., 2016; Zeraati et al., 2016) and experimental measurements (Cai et al., 2010; Faugeras et al., 2010; Chen et al., 2011 Lee et al., 2011; Yan et al., 2014; Peimyoo et al., 2015; , when available, are presented. Experimental measurement of thermal conductivity of 2D materials is still a challenging task. Currently, there are two main techniques to measure the basal-plane (in-plane) thermal conductivity of 2D materials: the optothermal Raman method (Balandin et al., 2008) and the microbridge method (Kim et al., 2001; Shi et al., 2003) . The thermal conductivity of 2D materials with sample size around 10 μm long or sufficiently large spans about 3 orders of magnitude from tens of W=mK to thousands of W=mK at room temperature.
In this Colloquium, we tried to correlate the values of thermal conductivity of 2D materials with their crystal structures and atom species. This could not only provide a first-order quantitative estimate on the thermal conductivity value of emerging 2D materials when exact calculations and measurements are not available, but also deepen our understanding of the diverse dependence of the thermal conductivity of many 2D materials on various physical factors.
Indeed, the effort to connect crystal structures and atom species with the macroscopic thermal conductivity of bulk materials can be dated back to the 1970s. Among many models, the Slack equation (Slack, 1973; Morelli and Heremans, 2002) 
is the one used the most. In this equation, n is the number of atoms in the primitive unit cell, δ is the lattice size, θ a is the Debye temperature of acoustic branches,M is the average mass of the atoms in the crystal, γ G is the Grüneisen parameter, and A is a constant that equals 3.1 × 10 6 (with the unit of κ in W=mK,M in atomic mass unit, T in Kelvin, and δ in Å). The Grüneisen parameter describes the overall effect of the volume change of a crystal on vibrational properties, which is expressed as γ G ¼ V=C V ðdP=dTÞ V , where V is the volume of a crystal, C V is the heat capacity at the constant volume, and ðdP=dTÞ V is the pressure change due to temperature variation at the constant volume. Since the Debye temperature decreases with atomic mass and increases with bonding stiffness, crystals with lighter atomic mass and stronger bonds will have largerMθ 3 a and thus a larger thermal conductivity. On the other hand, with the increase of n, the size of the first Brillouin zone decreases as the volume of the primitive cell increases. Assuming the speed of sound is independent of n, the Debye temperature of the acoustic branches, which is roughly proportional to product of the size of the first Brillouin zone and the sound speed, becomes lower for larger n. As a result, a larger n (number of atoms in the primitive unit cell) leads to a smaller thermal conductivity. Equation (2) has indeed been used as a guideline in searching for high thermal conductivity materials where the requirements are (1) high Debye temperature, (2) small atomic mass, (3) simple crystal structure, and (4) low anharmonicity. Although the Slack equation is derived for 3D materials, these guidelines could be adopted to understand the thermal conductivity of 2D materials. To evaluate the thermal conductivity with Eq. (2), we need to determine the Debye temperature θ a and the Grüneisen parameter γ G . Here we first estimate the Debye temperature of the ith acoustic branch, θ a;i using the group velocity at the Γ point (q ¼ 0), v i through θ a;i ¼ ℏv i q cut =k B , with the cutoff wave vector at the zone boundary. Then θ a is set as the average Debye temperature of the two in-plane acoustic branches θ a ¼ ½ð1=2Þ P i¼1;2 θ 2 a;i 1=2 . The Grüneisen parameter γ G is chosen to be 2.0 here as an estimate for all 2D materials, which was earlier used for graphite by Klemens and Pedraza (1994) , although more accurate mode-dependent γ G can be obtained through firstprinciples calculations (Mounet and Marzari, 2005) . In Fig. 2 , we compare the first-principles calculations and the predictions using the Slack equation for the room-temperature thermal conductivity of 2D materials. We see that the Slack equation (2) prediction matches the general trend for thermal conductivity in these known 2D materials. The success of the Slack equation is due to its incorporation of a rough estimate of how all factors in Eq. (1) (i.e., the group velocity, the heat capacity, and the relaxation time) depend on the basic crystal properties. While there are some outliers, such as graphene and WS 2 , whose thermal conductivity exceeds the predictions of the Slack equation, these deviations could be attributed to the assumption that the Grüneisen constant γ G ¼ 2.0 for all the 2D materials instead of varying between materials. In addition, the in-plane modes and flexural out-of-plane modes are not treated independently in the Slack model and the Debye temperature for the flexural out-of-plane acoustic branches is set to zero. As such, the thermal conductivity contributions from the flexural out-of-plane branches are not correctly incorporated in the Slack model.
To gain insight into differences between predictions from the Slack equation and those from the first-principles calculations, Fig. 3 shows the room-temperature thermal conductivity of a few 2D materials, sorted in descending order. Interestingly, the high thermal conductivity materials (such as graphene and boron nitride) have planar structures, the moderate thermal conductivity materials [such as transition metal dichalcogenides (TMDs) whose structure phases are characterized by trigonal prismatic coordination of metal atoms, called 2H TMDs in the literature] have trilayer, mirror symmetric crystal structures, and the low thermal conductivity materials (such as TMDs in their distorted octahedral phases (called 1T TMDs) and buckled materials) have bilayer or trilayer crystal structure without mirror symmetry. This observation reveals that the thermal conductivity of 2D materials is highly sensitive to the crystal structure in addition to the physical factors that are already included in the Slack equation.
To understand the observed correlation between the thermal conductivity and the crystal structure, we first recall the symmetry selection rule in planar 2D materials (Lindsay, Broido, and Mingo, 2010b) . If the 2D material is planar, the out-of-plane motion of atoms is completely decoupled from the in-plane motion. As a result, it is possible to classify phonon modes into flexural out-of-plane modes including flexural acoustic (ZA) and flexural optical (ZO) modes, and the in-plane modes including longitudinal acoustic (LA), longitudinal optical (LO), transverse acoustic (TA), and transverse optical (TO) modes. Meanwhile, the planar structure could make the third-order anharmonic force constants ψ
[the third-order derivative of the total energy of the crystal E with respect to atom displacements including the displacement of atom i (j and k) along direction α (β and γ)], if one or three of the three directions α, β, and γ is the two through-plane directions. This means that simultaneously displacing the three components corresponding to these zero force constants ψ does not lead to anharmonic phonon-phonon scattering. With the threephonon scatterings involving an odd number of flexural phonon modes, including acoustic (ZA) and optical (ZO) modes, one can easily realize that all third-order force constants are zero by noticing that the atomic motions of flexural modes are purely along the through-plane z direction and those of in-plane modes are purely in the basal plane. Therefore, these three-phonon scattering processes cannot happen (i.e., have a scattering rate of zero), leading to much larger relaxation times for the flexural acoustic phonon modes (Lindsay, Broido, and Mingo, 2010b) . This unique selection rule for structures of planar symmetry is one of the main reasons for the large thermal conductivity observed in both the single-layer graphene and boron nitride (Lindsay, Broido, and Mingo, 2010b; Lindsay and Broido, 2011, 2012) .
Since 2H TMDs are not planar crystals, the flexural phonon modes are no longer purely out-of-plane vibration. Therefore, the symmetry selection rule breaks down so that the threephonon scattering processes involving an odd number of flexural phonons are allowed. However, the triplane symmetric structure ensures ψ αβγ i;j;k to be always equal to zero if i, j, and k denote metal atoms in the middle layer, i.e., that there is no anharmonicity induced by the relative motion of three metal atoms along the z direction. Since the dominant atomic motion of ZA phonons is along the z direction, the scattering rates of these ZA phonon modes are thus very small (Gu, Li, and Yang, 2016) . For other 2D crystals, such as buckled honeycomb crystals and 1T TMDs (Gu and Yang, 2014) , there is no symmetry in their crystals which results in stronger phonon scattering compared to planar crystals and 2H TMDs.
Apart from the crystal structure, the atomic masses (atom number) also play an important role in explaining the disparity of thermal conductivity in the group of materials with identical crystal structure. For a few TMDs, the mass of metal atoms is much larger than the chalcogen atoms. A large mass difference of the basis atoms can lead to a large frequency gap between the optical and acoustic phonon branches (Gu and Yang, 2014 channel [the annihilation process of two acoustic phonon modes into one optical one (acoustic þ acoustic → optical)] is strongly suppressed (but not prohibited). As a result, a weaker phonon-phonon scattering rate is observed in WS 2 , which yields a much higher thermal conductivity in WS 2 than in MoS 2 . While this discussion assumed that three-phonon scatterings were the dominant scattering mechanisms for phonons, recent advances in the theoretical studies have shown that four-phonon scatterings might be important for bulk semiconductors with a large frequency gap, such as boron arsenide, due to the much larger phonon scattering phase space of four-phonon scatterings compared to the three-phonon scatterings (Feng, Lindsay, and Ruan, 2017) . We note that the contribution of four-phonon scatterings to phonon transport in 2D materials has not yet been studied. It would be desirable to include four-phonon scatterings, if possible, when studying the thermal transport of 2D materials with large atomic mass difference.
B. The validity of Fourier's law
While thermal conductivity is known to be size independent for 3D materials with large sample size, it remains an open question whether or not the thermal conductivity in 1D and 2D materials is size independent. As summarized in Sec. I, a divergent thermal conductivity scales with sample length L (the positive power exponent ς), κ ∼ L ς has been observed in most momentum conserving 1D toy lattice models, and also (up to a certain length) in some quasi-1D nanostructures. On the other hand, in the strict 2D systems, as revealed by the Fermi-Pasta-Ulam model, the thermal conductivity scales logarithmically with system size. Recent intensive firstprinciples calculations for graphene and graphene nanoribbons (Majee and Aksamija, 2016) indicate that the logarithmic relation seems to hold up to a certain length of ∼1 mm, which is corroborated in experiments using the microbridge measurement . These first-principles calculations predict that, in order to observe a size independent thermal conductivity, one should utilize samples larger than 1 mm, which is a quite challenging task for experimentalists. In addition, because the crystal structure of graphene is quite different from most other 2D crystals, it is not clear whether the thermal conductivity of these materials shares the same graphene's length dependence.
Figures 4(a) and 4(b) show the experimental setup for thermal conductivity measurements of single-layer graphene with different sample lengths from 300 nm to 10 μm by changing the separation between the heating and sensing membranes, where graphene is suspended on a microbridge device . Figure 4 (c) summarizes the measured thermal conductivity of graphene as a function of sample size , as well as from calculations including the nonequilibrium molecular dynamics (NEMD) simulations (Park, Lee, and Kim, 2013; Mu et al., 2014; Barbarino, Melis, and Colombo, 2015) and PBTE calculations Lindsay et al., 2014; Gu and Yang, 2015; Majee and Aksamija, 2016) . NEMD simulations have also been performed to mimic the microdevice based measurement by sandwiching the sample between a hot reservoir and a cold reservoir, where the boundary scattering is considered in these simulations. For PBTE calculations, a boundary scattering term that is proportional to the ratio between the group velocity of a phonon mode v qs and sample size L is included, so that phonons are more strongly scattered by the boundaries when the size of the sample is small . From all of these studies, it is evident that the thermal conductivity of graphene increases with sample size, for room-temperature samples of up to tens of microns. The thermal conductivity of some other 2D materials from PBTE also exhibits strong length dependence Yang, 2014, 2015; Zhu and Ertekin, 2014) , as shown in Fig. 4 
(d).
To analyze the thermal conductivity of infinitely large 2D crystals through PBTE, ideally one needs to employ either the iterative approach (Omini and Sparavigna, 1996; Broido, Ward, and Mingo, 2005) or a variational method (Fugallo et al., 2013 . The latter was developed most recently and is equivalent to the iterative approach but numerically more stable and obtains the full solution of the PBTE. The full solution has been shown to be crucial for predicting the phonon transport in 2D materials, such as graphene, where the normal phonon scatterings are stronger than the umklapp scatterings. Unlike the resistive umklapp scatterings, the normal scattering processes do not contribute resistance to heat flow directly, but play important roles in redistributing the nonequilibrium phonon density. When normal scattering dominates, phonon transport deviates from the kinetic picture of a phonon gas obeying the relaxation time (mean free path) approximation, and instead it exhibits hydrodynamic features due to the macroscopic drift motion of phonons (Cepellotti et al., 2015; Lee, Broido et al., 2015) . Such a phenomenon can be correctly captured by the full solution of the PBTE. However, since the nonequilibrium phonon population of a specific phonon mode under a temperature gradient is affected by the nonequilibrium population of all other phonon modes in the crystal, the mode-specific thermal conductivity contributed by the phonon modes in the long-wavelength limit cannot be determined unless a computationally infeasible mesh with infinite points is used to sample the first Brillouin zone.
Instead of seeking the full solution of PBTE, we examine the thermal conductivity using Eq. (1). This expression is based on the simple kinetic theory of phonons or equivalently the solution of PBTE under single-mode relaxation time approximation (SMRTA), which uses phonon lifetimes as the phonon relaxation time. The phonon scattering rates for longwavelength phonons can be determined analytically as discussed later. Comparing to the full solution of PBTE, the SMRTA gives the lower bound value of the thermal conductivity (Fugallo et al., 2013) . In other words, we conclude that the thermal conductivity from a more accurate iterative solution of PBTE is unbounded if the thermal conductivity calculation using Eq. (1) under SMRTA is found to be unbounded, but not vice versa. According to Eq. (1), the anomalous thermal conductivity comes from the long-wavelength phonons or acoustic phonons near the Γ point, since the integrand in the equation at other q vectors is a finite number.
Here we focus our discussion on hexagonal 2D crystals, since a large portion of 2D materials possesses such a hexagonal crystal structure. Furthermore, the isotropic phonon dispersion of hexagonal crystals near the Γ point greatly simplifies this analysis. To obtain a finite thermal conductivity of a hexagonal 2D crystal, the long-wavelength (small wave vector) phonons on each phonon branch should satisfy the condition ω .
While the in-plane acoustic phonons obey the relationship of ω TA;LA ∝ q near the Γ point, flexural acoustic phonons strongly depend on the strain conditions in hexagonal 2D materials. According to the elastic theory, the flexural acoustic phonon branch follows ω ZA ∝ q 2 when the sheet is free of stress (Zabel, 2001) , which is regarded as a signature of the phonon dispersion curves of 2D materials. However, some complicated theoretical studies predicted that the dispersion deviates from a simple quadratic dependence and is due to mode renormalization (Mariani and von Oppen, 2008; Wang and Daw, 2016) . If a 2D material sheet is stretched, even with infinitesimal small strain, the dispersion is linearized, i.e., ω TA;LA ∝ q. Hence, a finite thermal conductivity requires that the relaxation time of a long-wavelength acoustic phonon be τ ph qs ∝ q n with n > −2 if the dispersion is linear or n > −4 when the dispersion is quadratic.
Recent progress in phonon transport modeling has made it possible to numerically determine the scattering rates for the three-phonon processes (Omini and Sparavigna, 1996; Broido, Ward, and Mingo, 2005; Esfarjani, Chen, and Stokes, 2011) and thus the lifetime of each phonon mode. However, it is still cost prohibitive to numerically distinguish how a phonon lifetime depends on its wave vector as the wavelength approaches zero, since it requires a very fine mesh sampling of the Brillouin zone. Instead, if three-phonon scattering is organized into a series of scattering channels, one can derive analytical expressions for the relation between the wave vector and the scattering rate for each scattering channel (Bonini, Garg, and Marzari, 2012) . This provides an efficient approach to find the dominant scattering channels for long-wavelength phonons and thus the dependence of a phonon lifetime with its wavelength.
The scattering of a long-wavelength acoustic mode can be divided into four distinct processes: (1) the annihilation of one phonon mode with another one to generate a third phonon on the same branch, (2) the annihilation of one phonon mode with another one to generate a third phonon on a different branch, (3) the decay of one phonon to two lower-frequency phonon modes on the same branch, and (4) the decay of one phonon to two phonon modes on two lower acoustic branches. These processes are illustrated in Fig. 5 . Note that the scaling relation between the scattering rate and the phonon wave vector can vary greatly with strain and crystal structure.
Take unstrained graphene as an example, Bonini, Garg, and Marzari (2012) analytically derived the scattering rates, or the inverse of the phonon lifetimes, for both the in-plane acoustic phonons and the flexural acoustic (ZA) phonons. They found that the long-wavelength in-plane acoustic phonons are predominantly scattered through a decay process that splits one in-plane acoustic phonon into two flexural acoustic phonons due to the quadratic shape of the ZA branch, and the corresponding scattering rate is constant. ZA phonons also scatter with in-plane acoustic phonons in the reverse manner: they are annihilated along with another flexural acoustic phonon to generate a new in-plane acoustic phonon. The scattering rate of ZA modes due to such events scales as q 2 , when q approaches zero [see Fig. 6 (a)]. Therefore, no matter how phonons are scattered through other scattering channels, the scattering rates of both inplane acoustic phonons and flexural phonons would satisfy the conditions that ensure a finite thermal conductivity.
The equilibrium molecular dynamics (EMD) simulations of Pereira and Donadio (2013) also showed that stress-free graphene has a finite thermal conductivity. They found that the thermal conductivity converges as the size of the simulation domain increases. However, Lindsay (2010) pointed out that the thermal conductivity becomes unbounded when using the iterative solution of PBTE. The underlying mechanisms are still not well understood. Since the main scattering mechanism for a long-wavelength ZA phonon is the normal process in which two ZA phonons annihilate to generate an in-plane acoustic phonon, ZA þ ZA ↔ LA=TA (Bonini, Garg, and Marzari, 2012) , the unbounded thermal transport could be related to the fact that a large portion of the in-plane phonons is converted to ZA phonons.
When a tensile strain, even an infinitesimal one, is applied to a single-layer graphene, the dispersion of the ZA phonon branch becomes linearized (Bonini, Garg, and Marzari, 2012) . In this case, the ZA phonons cannot be as efficiently scattered through the processes where two ZA modes are annihilated into a TA or LA mode (a common process in unstrained graphene), and the scattering rate of long-wavelength ZA phonons scales as q 3 (Bonini, Garg, and Marzari, 2012) . Unlike in unstrained graphene, annihilation processes involving ZO phonons become dominant in the long-wavelength limit for strained graphene, whose inverse of scattering rates, or phonon lifetimes, are proportional to q −2 [see Fig. 6(b) ]. Thus, in the long-wavelength limit, the condition τ ph qs ∝ q n with n > −2 does not hold for ZA phonons, and the thermal conductivity of a strained sample diverges logarithmically as the length of the sample increases.
For 2D materials with more than one-atom layer, such as silicene, the symmetry selection rules for the scattering of flexural phonons no longer apply . The scattering of ZA phonons becomes much more frequent than that in the one-atom-thick 2D materials. Numerical calculations showed that the thermal conductivity of infinitely large unstrained silicene, germanene, and stanene sheets has finite values from both a SMRT solution and an iterative solution of PBTE (Y. .
If the dispersion of a ZA branch is linear, the scattering rate of ZA phonons is found to scale as q −1 near the Γ point. As a result, the unbounded thermal conductivity does not come from the ZA phonons (as in strained one-atom-thick 2D materials); instead it comes from the long-wavelength LA phonons. According to the analytical derivation of Gu and Yang (2015) , only the annihilation process of a long-wavelength acoustic phonon with two neighboring modes on the same branch could make the inverse of scattering rate follow q n with n > −2. For a long-wavelength LA phonon qs, its frequency can be expressed as ω qs ¼ v LA q, with the sound velocity of LA branch v LA . The frequencies of the two phonons q 0 s 0 and ðq þ q 0 Þs 00 on the same branch that can scatter with qs have to satisfy the condition ω ðq0þqÞs0 − ω q0s0 ¼ v LA q. As q approaches zero, the condition becomes v q0s0 · q ¼ v LA q. However, since the sound velocity of the LA branch is usually larger than the group velocity of other phonon modes, longwavelength LA phonons cannot be scattered by two phonons on the same branch. Thus, the thermal conductivity of silicene with a linear ZA branch diverges, which is not because of the ZA modes but because of the in-plane LA modes. The divergent thermal conductivity of silicene with respect to the sample size was also confirmed by other calculations (Y. D. Xie et al., 2016) . It is worth mentioning that in the first-principles calculations, due to numerical inaccuracy, the shape of flexural phonons of an unstrained sheet near the Γ point could be linear, which leads to an unbounded thermal conductivity for an infinitely large sheet. By imposing additional invariances on the extracted second-order harmonic force constants from first principles, the quadratic dispersion of flexural phonons can be recovered (Carrete et al., 2016) .
It should be noted that this discussion considers only threephonon scattering processes in hexagonal lattices. Although the higher-order phonon scatterings beyond three-phonon scatterings are usually considered to be weaker than the three-phonon scatterings (Ecsedy and Klemens, 1977) , they might play an important role in scattering long-wavelength phonons due to the very large scattering phase space. Given the ultralow bending stiffness of atomic-thin 2D materials (Wei et al., 2013) , ripples can easily be formed in those materials under thermal undulation (Fasolino, Los, and Katsnelson, 2007) . The ripples could serve as additional channels to scatter phonons. For example, the intrinsic ripples that occur in suspended graphene make the symmetry selection rule break down, leading to stronger phonon scatterings and thus reduces the thermal conductivity. From a rough estimation, one might expect that the corresponding strength enhancement of threephonon processes is weak (Lindsay, Broido, and Mingo, 2010b) , but the additional scattering might alter the scaling relation between the phonon wave vector and the scattering rate for long-wavelength phonons, thus changing the length dependence behavior of the thermal conductivity. While 2D hexagonal crystals have an isotropic dispersion near the Γ point, this is not the case for many other 2D crystal structures. Therefore, the scattering phase spaces of long-wavelength acoustic phonons in nonhexagonal crystals can be quite different from those in hexagonal crystals. For instance, a large portion of longwavelength LA phonons could scatter with two modes that are on the same branch, as the group velocities of these LA modes are not the largest one among all phonon modes, which is different from hexagonal crystals with a linear ZA branch.
C. Geometrical effects (nanoribbons and few layers)
Width and thickness play an important role not only in determining electronic properties of layered 2D materials, but they can also influence the phonon scattering rate thus altering a material's thermal properties. In conventional materials, when a natural length scale (width, length, or thickness) becomes smaller than the phonon mean free path, the increased phonon-boundary scattering will reduce thermal conductivity. However, when the sample size becomes comparable to the phonon wavelength, phonons are confined to 1D ribbons or 2D planes and the effective thermal conductivity might not decrease monotonically with reduced size. Size-dependent thermal conductivity in 2D crystals could be quite different from that of conventional thin films. In this section, we review recent studies on thermal transport in nanoribbons and few-layer 2D materials and discuss the possible origins of the size dependence.
Width dependence
The phonon properties and thermal conductivity of nanoribbons of 2D materials (especially graphene nanoribbons) have been extensively studied, primarily through molecular dynamics (MD) simulations (Guo, Zhang, and Gong, 2009; Hu, Ruan, and Chen, 2009; Evans, Hu, and Keblinski, 2010; Ye et al., 2015; Majee and Aksamija, 2016) , PBTE-based simulations (Nika, Ghosh et al., 2009; Aksamija and Knezevic, 2011; Nika, Askerov, and Balandin, 2012) , and atomistic Green's function (AGF) theory calculations Tan, Wang, and Gan, 2011) . From most MD and PBTE calculations, the thermal conductivity of graphene nanoribbons is found to be lower than that of larger graphene sheets and it decreases with decreasing ribbon width, although the degree of reduction depends upon the theoretical methods and interatomic potentials employed. The lower thermal conductivity of graphene nanoribbons compared with larger graphene sheets was later confirmed by a few experimental measurements. For instance, thermal conductivity of SiO 2 -supported graphene nanoribbons with different lengths and widths was measured using the microbridge method (Bae et al., 2013) . The thermal conductivity of single-layer graphene nanoribbons with a length L ¼ 260 nm at room temperature was found to increase rapidly with the increase of the nanoribbon width when the width is below 100 nm. Measurements of suspended graphene nanoribbons with submicron length and width were performed using the electrical self-heating method (Xie et al., 2013; Li et al., 2015) , where the thermal conductivity of graphene nanoribbons was found to be only several hundred W=mK at room temperature, significantly lower than that of the large suspended graphene sheet.
Despite most work showing that narrow nanoribbons have lower thermal conductivity than wider ones, the AGF calculations show that the normalized thermal conductance (the ratio between thermal conductance and the cross-sectional area of a nanoribbon) decreases with width for many nanoribbons of 2D materials such as graphene Tan, Wang, and Gan, 2011) , boron nitride (Ouyang et al., 2010) , and graphyne (Ouyang et al., 2012) . This is due to the harmonic approximation assumed in the atomistic Green's function theory calculations. Atomistic Green's function calculations provide only an upper (ballistic) limit for the thermal conductivity and do not necessarily ensure the correct width dependence for the thermal conductivity of nanoribbons unless the length of the nanoribbon is much smaller than the phonon mean free path. Indeed, the sample length can also play a role in determining the width-dependent thermal conductivity of nanoribbons (Nika, Askerov, and Balandin, 2012) .
Many explanations have been explored to interpret the width-dependent thermal conductivity of graphene nanoribbons. In general, there are three possible explanations: phonon-edge (boundary) scattering, phonon confinement (Tan, Wang, and Gan, 2011) , and phonon localization (Wang, Qiu, and Ruan, 2012) . In the first explanation, the phonon modes of nanoribbons are assumed to be the bulk phonon modes of a large 2D sheet. These bulk phonons are occasionally scattered by the edges (in addition to the intrinsic phonon-phonon scattering), leading to a lower thermal conductivity than that of a large 2D sheet. The effect becomes more pronounced for a narrower ribbon with rougher edges. Such an explanation has been widely used to explain the lower thermal conductivity of nanostructured bulk semiconductors (Yang and Chen, 2004; Yang, Chen, and Dresselhaus, 2005) . In the second explanation, the nanoribbon is treated as a quasi-1D crystal, which has quite different phonon dispersions and scattering rates from those of a large graphene sheet. In particular, the phonon dispersion and group velocities of nanoribbons with different widths differ substantially, resulting in width-dependent thermal transport. In the third explanation, the thermal conductivity reduction of nanoribbons is attributed to phonon localization. The vibration of atoms in the edge is likely to be localized and decoupled from other atoms within the nanoribbon. Localized phonons do not participate in energy transfer.
In addition to the width of nanoribbons, several other factors affecting the thermal conductivity have been identified through numerical simulations, including edge chirality, roughness, and hydrogen passivation. Both MD simulations and AGF calculations showed that a zigzag nanoribbon has a larger thermal conductivity than an armchair nanoribbon of an equal width. According to the phonon-edge scattering interpretation, boundary scattering is expected to be weaker in zigzag nanoribbons because the edge roughness of zigzag nanoribbons is less than that of armchair ones, i.e., the armchair nanoribbon has more edge scatterers per unit length . This hypothesis was confirmed by wave-packet MD, where the propagation of phonons is monitored before and after scattering with the edges (Wei, Chen, and Dames, 2012) . There were also explanations from the viewpoint of phonon confinement Tan, Wang, and Gan, 2011; Ye et al., 2015) and localization (Wang, Qiu, and Ruan, 2012) .
Aside from the intrinsic zigzag and armchair edges, the thermal conductivity of nanoribbons could be further reduced by introducing larger scale edge roughness (Evans, Hu, and Keblinski, 2010; Aksamija and Knezevic, 2011; Haskins et al., 2011) or hydrogen passivation (Evans, Hu, and Keblinski, 2010; Hu et al., 2010) , which provides additional mechanisms for tuning the thermal conductivity of 2D materials. For example, compared to zigzag nanoribbons of the same width, an introduction of a root mean squared (rms) roughness of 0.73 nm can reduce the thermal conductivity of a 15-nm-wide graphene nanoribbon by 80%. Hydrogen passivation reduces the thermal conductivity by around 50% and 25% for zigzag and armchair graphene nanoribbons with a width of 1.5 nm , respectively.
While the thermal conductivity of many 2D materials at around room temperature roughly follows a 1=T temperature dependence (which is regarded as a sign of strong umklapp phonon-phonon scattering), the thermal conductivity of graphene nanoribbons shows a different trend, where thermal conductivity linearly increases or remains almost unchanged with temperature (Hu, Ruan, and Chen, 2009; Xie et al., 2013) . Such temperature dependence should be attributed to the strong phonon-boundary scattering, similar to that in the conventional 3D materials, whose scattering rate is insensitive to temperature. It was recently proposed that at cryogenic temperature (and even up to room temperature) the anomalous thermal conductivity might be due to a second sound (Cepellotti et al., 2015; Lee, Broido et al., 2015) , where the effective temperature along the width direction is not uniform but quadratic, just as with the Poiseuille flow velocity profile of fluids in tubes or channels, which is attributed to the fact that normal phonon-phonon scattering processes dominate over resistive umklapp phonon-phonon scattering.
The thermal conductivity of nanoribbons of a few other 2D materials has also been reported, including boron nitride and MoS 2 (Jiang, Park, and Rabczuk, 2013; Liu et al., 2013; T.-H. Liu et al., 2014) using MD simulations. Liu et al. (2013) found that the thermal conductivity is almost independent of nanoribbon width. This might be due to the strong anharmonicity in the empirical potentials employed in their MD simulations. It should always be kept in mind that the calculated thermal conductivity depends strongly on the empirical potentials employed when interpreting the MD results.
Because of the low thermal conductivity of nanoribbons, the thermoelectric performance of nanoribbons of many materials has also been studied. Different strategies have been proposed to further suppress the thermal conductivity while maintaining good electronic transport (Nguyen et al., 2014; Hossain et al., 2015; Tran et al., 2017) , for example, introducing defects in nanoribbons and constructing junctions of two different 2D materials.
Layer thickness dependence
The thermal conductivity of thin films of a few layered 2D materials, such as black phosphorus (Jang et al., 2015; Lee, Yang et al., 2015; Luo et al., 2015; , TaSe 2 (Yan et al., 2013) , and Bi 2 Te 3 , with a thickness on the order of 10 to 100 nm, has been measured. The thermal conductivity of these layered 2D materials was reported either to be substantially lower than that of their bulk counterparts or to increase with sample thickness. This observation seems to support the argument that the classic size effects in conventional 3D materials, which assumes that boundary scattering reduces the thermal conductivity, also occur in layered 2D crystals. However, when the thickness is further reduced to around 10 nm, the dependence of thermal conductivity on sample thickness becomes quite complicated, likely due to the change of phonon dispersion. While Raman spectra of a variety of few-layer 2D materials have provided the evidence of thickness-dependent phonon properties (Ferrari et al., 2006; H. Li et al., 2012; Castellanos-Gomez et al., 2014) , the thickness dependence of thermal conductivity in these materials is not conclusive yet due to the possible change of both phonon dispersion and phonon scattering. Here we present a summary of these studies on thickness-dependent thermal conductivity of some layered 2D materials, including graphene, MoS 2 , Bi 2 Te 3 , and black phosphorus.
Figure 7(a) shows the thermal conductivity of graphite, few-layer graphene, and single-layer graphene. The thermal conductivity of graphite is measured to be about 2000 W=mK at room temperature, while that of single-layer graphene ranges from 2500 to 5000 W=mK. The theoretical studies using both NEMD (Z. and PBTE (Lindsay, Broido, and Mingo, 2011; Singh, Murthy, and Fisher, 2011; Kuang, Lindsay, and Huang, 2015) confirmed that singlelayer graphene has a much higher thermal conductivity than that of graphite. As discussed in Sec. II.A, this is because phonon scattering in single-layer graphene has to obey the symmetry selection rule (Lindsay, Broido, and Mingo, 2010b) , which leads to a smaller scattering phase space and weaker scattering for the flexural (ZA) phonon modes. Some experiments (Ghosh et al., 2010) and most of the numerical simulations (Lindsay, Broido, and Mingo, 2011; Singh, Murthy, and Fisher, 2011; Kuang, Lindsay, and Huang, 2015) further showed that thermal conductivity gradually decreases when the number of layers is increased, while some other experiments reported much smaller thermal conductivity (Pettes et al., 2011) due to polymer residues on the samples. In encased graphene, the inverse thickness dependence of the thermal conductivity has been observed (Jang et al., 2013) .
Theoretical studies (Yan, Ruan, and Chou, 2008; Lindsay, Broido, and Mingo, 2011) showed that additional ZA-like low-frequency optical phonon branches are generated in multilayer graphene. Compared to the ZA modes in singlelayer graphene, these ZA-like phonons in multilayer graphene have lower average phonon group velocities and much larger phonon scattering rates due to the greater number of scattering channels available, which results in a lower thermal conductivity. A similar monotonic reduction of thermal conductivity with respect to the number of layers was also reported for graphene nanoribbons from MD simulations (Zhong et al., 2011; Cao et al., 2012) and boron nitride from PBTE-based calculations , which could be explained by the similar reasons revealed for graphene.
Compared to graphene, recent experiments showed a quite different trend for the layer thickness-dependent thermal conductivity of MoS 2 , as summarized in Fig. 7(b) and Table I . While the measured basal-plane thermal conductivity of single-layer MoS 2 by different researchers differs, due to differences in sample quality and experimental conditions, the thermal conductivity of MoS 2 with more than four layers seems to follow an opposite trend from that of graphene, i.e., the thermal conductivity of MoS 2 increases with the number of layers. A recent first-principles-based PBTE study (Gu, Li, and Yang, 2016) showed that the basalplane thermal conductivity of 10-μm-long samples reduces monotonically from 138 to 98 W=mK for naturally occurring MoS 2 when its thickness increases from one layer to three layers, and the thermal conductivity of trilayer MoS 2 approaches that of bulk MoS 2 . The reduction is attributed to both the change of phonon dispersion and the thicknessinduced anharmonicity. Phonon scattering for ZA modes in bilayer MoS 2 is found to be substantially larger than that of single-layer MoS 2 , which is attributed to the fact that the additional layer breaks the mirror symmetry as discussed in Sec. II.A. In Fig. 7(b) , the measured thermal conductivity of MoS 2 is also presented (Sahoo et al., 2013; Jo et al., 2014; Liu, Choi, and Cahill, 2014; Yan et al., 2014; , but the experimental results show no clear thickness dependence.
Bi 2 Te 3 is another interesting layered 2D material, which has been widely studied in the fields of thermoelectrics (Venkatasubramanian et al., 2001; Poudel et al., 2008) and topological insulators (Y. Chen et al., 2009; Zhang et al., 2009) . As shown in Fig. 7(c) , an EMD study (Qiu and Ruan, 2010 ) on few-layer Bi 2 Te 3 showed that the thermal conductivity of Bi 2 Te 3 does not change monotonically with thickness, but exhibits a minimum at a thickness of three quintuples. At a thickness of 5 nm (five quintuples), the thermal conductivity recovers to that of the bulk counterpart. Such a nonmonotonic layer thickness dependence was attributed to the competition between phonon-boundary scattering and the umklapp phonon-phonon scattering in the thickness range they explored (Qiu and Ruan, 2010) . However, such a theoretical prediction seems to conflict with the microbridge measurement for Bi 2 Te 3 thin films of 9 to 25 nm thickness . Pettes showed that the thermal conductivity roughly increases with thickness. Note that the experimental measurements by Pettes are on much thicker samples, while the calculation by Qiu and Ruan (2010) are for thin samples with only a few layers.
Figure 7(d) shows the measured thermal conductivity of black phosphorus along both the zigzag and the armchair directions from different research groups (Jang et al., 2015; Lee, Yang et al., 2015; Luo et al., 2015; Sun et al., 2017) . Interestingly, in both directions the measured thermal conductivity of black phosphorus thin films increases with the thickness, although the data from different groups vary noticeably. While the PBTE prediction for bulk black phosphorus agrees well with time-domain thermoreflectance measurements, there is still a large discrepancy among the predicted thermal conductivities of single-layer black phosphorene (Zhu and Ertekin, 2014; Jain and McGaughey, 2015; , due to the choice of the cutoff of interatomic forces and whether the van der Waals interaction is considered in the first-principles calculations .
From this summary on the thickness-dependent thermal conductivity of several layered 2D materials, it can be seen that there is a large gap between the theoretically calculated results and the experimental measurements. The calculated TABLE I. Experimental studies on the thermal conductivity of MoS 2 . χ is the temperature coefficient of the Raman signal and α is the absorption ratio used for data fitting. Adapted from Gu, Li, and Yang, 2016 thermal conductivity of 2D materials with one or few layers is usually higher than that of the bulk counterpart, while the measurement usually does not follow such a trend. Polymer residues, absorbed gas, and oxidization are considered to contribute to this discrepancy. To better understand the difference between the theoretical calculations and measured data, more efforts on numerical simulations should be given to the study of thermal properties of more realistic materials in order to see how imperfections, which are common in experiments, affect the thermal conductivity of 2D materials. Apart from stacking 2D layers based on their bulk forms, for example, AB stacking for graphene and MoS 2 , it is possible to stack different layers in other ways to achieve few-layer pristine 2D materials with novel thermal properties. Nika, Cocemasov, and Balandin (2014) and Cocemasov, Nika, and Balandin (2015) theoretically studied the phonon properties and the inplane thermal conductivity of twisted bilayer graphene. The Raman-based optothermal measurement confirmed that the thermal conductivity of such bilayer graphene could be substantially lower than that of the bilayer graphene with AB stacking . Stacking the exfoliated Bi 2 Te 3 thin films to form the "pseudosuperlattice" has been proven as an effective method to reduce the thermal conductivity from the bulk value Teweldebrhan, Goyal, and Balandin, 2010) . The thermal conductivity reduction is thought to be due to the rough boundary scattering or spatial confinement effect of acoustic phonons .
D. Strain effects
Strain and deformation commonly exist in 2D materials. When 2D materials are integrated into nanodevices, typically they are deformed due to constraints imposed during device assembly. When two or more kinds of 2D crystals are vertically stacked or laterally connected to form heterostructures, 2D materials are likely to be strained due to the lattice mismatch. On the other hand, strain engineering has also been proposed to tune electronic, photonic, and even thermal properties (Mohiuddin et al., 2009; Conley et al., 2013; Fan et al., 2017) .
The studies on strain-dependent thermal conductivity of solids and liquids can be traced back to the 1970s and 1980s (Ross et al., 1984) , where strain was usually induced by pressure (compressive stress). The experimental demonstration of utilizing strain to actively control phonon and thermal properties has been applied to many different kinds of material systems (Hsieh et al., 2009 (Hsieh et al., , 2011 Alam et al., 2015) . Theoretical studies have also been performed to understand the origins of strain-dependent thermal conductivity of both bulk crystals (Picu, Borca-Tasciuc, and Pavel, 2003; Bhowmick and Shenoy, 2006; Li et al., 2010; Parrish et al., 2014) and nanostructured materials (Xu and Li, 2009; Xu and Buehler, 2009; Li et al., 2010) . While it is necessary to quantify the strain dependence of thermal conductivity, it is still more challenging to precisely control the exerted strain in 2D materials than in 3D materials. Therefore, the study of strain-dependent thermal conductivity of many 2D materials has been limited to just numerical simulations. Li et al. (2010) conducted EMD simulations to show that the thermal conductivity of graphene monotonically decreases with the increase of tensile strain, similar to most bulk materials. However, the calculations of Fan et al. (2017) using both EMD and NEMD showed an increase in thermal conductivity with the increase of tensile strain, particularly due to the contributions from flexural modes. Recent calculations using PBTE-based approaches give quite different trends for strain dependence. For example, under RTA Bonini, Garg, and Marzari (2012) found that the thermal conductivity of strained graphene is unbounded, due to the weak scattering for ZA phonons, and the tensile strain enhances the thermal conductivity in the strain range they explored for an infinite large graphene sheet. Some other researchers showed that the thermal conductivity of graphene is a finite value when the PBTE is solved iteratively. The tensile strain is also found to either enhance or reduce the thermal conductivity of graphene depending on the sample size . Many of these discrepancies indeed come from computational details. In MD simulations, due to the finite simulation domain size, the phonons whose wavelengths are larger than twice the simulation domain size do not exist in the simulation system and thus do not contribute to the thermal conductivity. As the longwavelength phonons play unique roles in 2D crystals (as discussed in Sec. II.B), the thermal conductivity results from MD simulations could be sensitive to both the size of the simulation domain and the treatments employed to compensate for the thermal conductivity from the long-wavelength phonons. For PBTE calculations, a finite number of q points are used for numerical integration over the Brillouin zone where the heat conducted by long-wavelength phonon modes near the first Brillouin zone center is not counted and the calculated thermal conductivity exhibits a strong q-mesh dependence, just like the simulation domain size effects in MD simulations. The strain dependence on thermal conductivity from PBTE calculations might not be justified if the calculations are performed using a q mesh with a fixed number of q points. Special attention needs to be paid to the computational details when interpreting these simulation results.
Figure 8(a) shows that the strain dependence of thermal conductivity in other single-layer 2D materials is quite diverse. A monotonical reduction of thermal conductivity was observed for single-layer MoS 2 from MD simulations (Jiang, Park, and Rabczuk, 2013) and for pentagraphene from PBTE . The thermal conductivity of some buckled 2D crystals, e.g., silicene (Y. D. Xie et al., 2016) and penta-SiC 2 , and fewlayer 2D materials, such as graphene and boron nitride (Kuang, Lindsay, and Huang, 2015) , exhibits a nonmonotonic (up-and-down) relation with strain. Penta-SiN 2 was discovered from a first-principles-based PBTE calculation to have a very unusual thermal conductivity dependence on strain, which is increased by an order of magnitude at a tensile strain of 9% .
The diverse dependence of thermal conductivity on strain for different 2D materials can be attributed to the different strain dependence of heat capacity, group velocity, and phonon-phonon scattering rates for 2D sheets with different crystal structures in accordance with the simple kinetic theory.
In general, the stretching of a material could lead to a downshift of the phonon spectra for many 3D materials. This is also true for most 2D materials. Figure 8(b) shows phonon dispersion of silicene as an example (Xie et al., 2016) . In most of the calculated phonon dispersions of tensile stained 2D materials, we observe optical phonon softening (Liu, Ming, and Li, 2007; Li, 2012; Xie et al., 2016) . For acoustic phonons, the frequency of the longitudinal and transverse acoustic phonons shows a similar reduction, but the flexural acoustic phonons behave differently near the Γ point due to phonon stiffening. Therefore, tensile strain could either increase or reduce the phonon group velocities. When the strain is large, the downshift of phonon spectra might be significant and the velocity of most phonon modes is thus reduced.
Apart from the phonon dispersion, lattice distortion (including phase change) could be another reason for the diverse responses of thermal conductivity when a tensile strain is applied. For many non-one-layer-thick 2D crystals, such as those with buckled structure, tensile strain could substantially reduce the buckled distance, e.g., silicene (Xie et al., 2016) , or even eliminate the buckling, e.g., penta-SiN 2 . As discussed in Sec. II.B, the buckled structure could induce strong scattering for ZA phonons (as well as LA and TA phonons). Thus, applying tensile strain weakens phonon scattering by partially recovering the selection rule of symmetry. The interplay between the shift of phonon spectra and the change of phonon scattering channels results in the nonmonotonic strain dependence of thermal conductivity for many 2D materials.
For example, the up-and-down strain-dependent thermal conductivity for silicene was observed from PBTE calculations (Y. D. Xie et al., 2016) ; see Fig. 8(a) . The thermal conductivity increased first to about 8 times the unstrained state's at 4%-8% tensile strain, then it decreased by around 10%-50% the maximum thermal conductivity when the tensile strain was further increased to 10%. When tensile strain is applied, the strain-induced flattening of the structure weakens many of the dominant scattering channels in unstrained silicene, such as ZA þ ZA → ZA, ZA → ZA þ ZA, or TA þ ZA → LA=TA, resulting in an increased thermal conductivity. These suppressed channels correspond to totally forbidden channels in the purely planar 2D crystals (e.g., graphene). The sudden jump of thermal conductivity of 2D penta-SiN 2 at an 8% strain, shown in Fig. 8(a) , is due to the transition of penta-SiN 2 from a buckled lattice to a flat one.
Compressive strain also greatly affects the thermal conductivity of 2D crystals. According to EMD simulations , an 8% compressive strain reduces the thermal conductivity of graphene by 50% relative to its unstrained state. The decrease of thermal conductivity with respect to compressive strain is attributed to compression induced rippling of graphene, since rippling could induce additional phonon scattering channels in addition to the intrinsic phonon-phonon scattering. Similar compressive strain dependence of thermal conductivity is observed in other MD simulations (Guo, Zhang, and Gong, 2009; N. Wei et al., 2011) . Lindsay, Broido, and Mingo (2010a) studied the thermal conductivity of carbon nanotubes with different diameters using the Boltzmann transport equation and showed that the thermal conductivity of graphene is larger than that of carbon nanotubes with different diameters due to the breakdown of symmetry selection rules in carbon nanotubes. Although phonon transport in carbon nanotubes is not exactly the same as rippled graphene, this theoretical study explicitly shows that the thermal conductivity is highly affected by the curvature of 2D sheets. Compared with graphene, studies on other 2D materials are relatively scarce, except a very limited few based on MD simulations; see, e.g., Ding et al. (2015) .
E. Device geometry (effect of substrates)
When 2D materials are integrated for device applications, the heat dissipation channels and thermal properties of 2D materials change dramatically from the suspended ones due to their contact with a substrate. While the heat generated in a suspended 2D material has to flow within the suspended sample and then dissipate to the substrate at the contact regions, in a device geometry heat could simultaneously flow in the sample and dissipate to the substrate directly by penetrating across the interfaces between 2D material and the substrate. Therefore, for a good understanding of heat dissipation in devices it is crucial to know both the thermal conductivity of supported 2D material and the interfacial thermal conductance between 2D materials and substrates. In this section, we first discuss the change of thermal conductivity of 2D materials when they are supported, followed by the interfacial thermal conductance between 2D material and substrates.
Thermal conductivity of supported 2D materials
The basal-plane thermal conductivity of a supported 2D crystal is very different from a suspended one, even though in most cases the interaction between the 2D materials and the substrates is weak (typically is of van der Waals type). Pioneering work on the effect of substrates on phonon transport in 2D materials was done by Seol et al. (2010) , where the thermal conductivity of supported graphene on silicon dioxide substrate was measured using the microbridge method. The measured thermal conductivity is only around 600 W=mK as shown in Fig. 9(a) . This is very close to the value predicted by NEMD simulations (Chen, Zhang, and Li, 2013) , where monolayer graphene is placed on top of a SiO 2 substrate. The thermal conductivity of graphene on a SiN x substrate was systematically studied by Wang (2013) and was found to be only around 430-450 W=mK. As the number of 2D material layers increases, the thermal conductivity increases as shown in Fig. 9(b) . Other experimental measurements, including those using the optothermal Raman method (Cai et al., 2010) , the 3-ω heat spreader (Jang et al., 2013) , and the frequency domain thermoreflectance measurement , also confirmed thermal conductivity reduction of graphene when it is placed on top of a silicon oxide substrate or sandwiched between two substrates. Taube et al. (2015) measured the supported 2D MoS 2 using the optothermal Raman method and showed a lower thermal conductivity value when compared with that of suspended samples.
Substrates affect the thermal conductivity of supported samples in two distinct ways: changing the phonon dispersion and enhancing the phonon scattering rate. Raman spectra measurements provide direct evidence for substrate effects on optical phonons (Berciaud et al., 2009) . Many theoretical studies were devoted to deepening the understanding of phonon transport in supported 2D materials. The phononsubstrate scattering rates have been derived using the scattering matrix method, where the effects of substrate are modeled as point defects to the 2D crystal (Seol et al., 2010) . Under a harmonic approximation and assuming that the phonon dispersion of the supported graphene is identical to the freestanding one, Seol et al. found that phonon scattering increases with the enhancement of the averaged van der Waals interatomic force constant between the graphene and the SiO 2 support. This model qualitatively explains the thermal conductivity reduction of supported graphene. A few MD simulations were performed to predict the thermal conductivity of supported 2D materials (Ong and Pop, 2011; Chen and Kumar, 2012; Qiu and Ruan, 2012; Chen, Zhang, and Li, 2013; . Spectral energy density analysis shows that the relaxation time of acoustic phonons is reduced more pronouncedly than that of optical phonons when graphene is placed on top of a silicon oxide substrate, and the flexural acoustic (ZA) phonons are most affected . Because of the renormalization of ZA phonons, the frequency of the ZA phonon is no longer zero at the Γ point, but is a finite value and the scattering of ZA phonons is enhanced (Ong and Pop, 2011) . The shift of phonon dispersion also contributes to the interesting length dependence of the thermal conductivity in graphene. As predicted by NEMD simulations (Chen, Zhang, and Li, 2013) , the thermal conductivity of supported graphene is almost unchanged when the length is larger than 100 nm whereas in suspended graphene it increases even when the length is larger than 1 μm. Chen, Chen, and Gao (2016) studied thermal conductivity of supported black phosphorus using NEMD simulations and found that the degree of anisotropy becomes larger when supported.
Intuitively, a stronger coupling of 2D crystals to the substrate would lead to a larger reduction in thermal conductivity, since the vibration of 2D materials would be more severely affected, as indicated by the phonon-substrate scattering rates derived using the scattering matrix method (Seol et al., 2010) . Most MD simulations confirmed such a relationship between the coupling strength and the thermal conductivity for supported graphene (Chen and Kumar, 2012; Qiu and Ruan, 2012; Chen, Zhang, and Li, 2013; . Some MD simulations, however, showed that this is not necessarily true. For example, Ong and Pop (2011) found that when the strength of graphene-substrate interaction is increased by 2 orders of magnitude, heat flow along supported graphene (or equivalently its thermal conductivity) increases by up to 3 times. They found that the strong coupling between quadratic ZA modes of graphene and the surface waves of the substrate leads to a hybridized linear dispersion with a reduced scattering rate and higher phonon group velocity.
The thermal conductivity of supported 2D materials depends not only on the substrate coupling strength previously described, but also on the nature of substrates. A recent study by found that a substrate such as h-BN (which has a very similar structure to graphene) does not significantly reduce the thermal conductivity of graphene.
Since the thermal conductivity of most 2D materials is suppressed when they are weakly bonded to a substrate, it is desirable to identify the thickness (layer number) beyond which the thermal conductivity of layered 2D material thin films recovers to the freestanding sample's higher value. Figure 10 shows the layer thickness-dependent thermal conductivity of both supported and encased few-layer graphene. In both measurements (Jang et al., 2013; Sadeghi, Jo, and Shi, 2013; Yang et al., 2014) and NEMD simulations (Chen, Zhang, and Li, 2013) , the thermal conductivity is found to increase with the number of atomic layers, in contrast to the suspended graphene where the thermal conductivity decreases with the layer number. Encased ten-layer graphene has a thermal conductivity larger than 1000 W=mK (Jang et al., 2013) , and the supported graphene of 34 layers is found to fully recover to the bulk value of graphite (Sadeghi, Jo, and Shi, 2013) . The large thickness required to ensure a higher thermal conductivity of encased and supported graphene is probably due to the long mean free paths of phonons in graphite along the cross-plane direction, which was revealed recently by MD simulations and confirmed by experimental measurements (Fu et al., 2015; Zhang et al., 2016) .
Interfacial thermal conductance between 2D materials and substrates
Heat flows across the interfaces between 2D materials and substrates and subsequently dissipates to the substrates. The interfacial thermal conductance between graphene or graphite and a wide range of substrates has been studied. The typical values of the interfacial thermal conductance between graphene and substrate materials, such as SiO 2 , aluminum, and gold thin film, range from 20 to 100 MW=m 2 K at room temperature and have been summarized in a few articles (Sadeghi, Pettes, and Shi, 2012; Ni, Chalopin, and Volz, 2013; Xu, Li, and Duan, 2014) . Several groups have measured the interfacial thermal conductance for different thicknesses of graphene, but no systematic dependence on the thickness was found (Z. Chen et al., 2009; Mak, Lui, and Heinz, 2010) .
There exist far fewer measurements on the interfacial thermal conductance of other 2D materials. Jo et al. (2013) extracted both thermal conductivity of h-BN and the interfacial thermal conductance (∼2 MW=m 2 K) of h-BN on SiN x substrate from their microbridge experiment. Liu, Choi, and Cahill (2014) showed that the interfacial thermal conductance between MoS 2 and aluminum, NbV and CoPt are 20, 25, and 26 MW=m 2 K, respectively. These values are lower than the interfacial thermal conductance of Al film on highly ordered pyrolytic graphite. Taube et al. (2015) employed optothermal Raman measurements to extract the interfacial thermal conductance of single-layer MoS 2 on SiO 2 . They found it to be ∼1.9 MW=m 2 K, which is comparable to that of h-BN on SiN x .
There are also several efforts to control the interfacial thermal conductance between 2D materials and substrates. By corrugating a substrate, the interfacial thermal conductance between graphene and the substrate is reduced by 5 orders of magnitude relative to a seamless contact (Tang et al., 2014) . Even for a perfect interface contact, the interfacial thermal conductance can be actively tuned by applying an electrostatic field, which can improve the conformation between the graphene and substrate (Koh et al., 2016) .
III. THERMAL PROPERTIES OF NANOSTRUCTURES BASED ON 2D CRYSTALS A. Defects and alloying
Imperfections, such as point defects, vacancies, and grain boundaries, inevitably occur in 2D materials. These imperfections usually lead to phonon-defect or phonon-boundary scattering and thus reduce the thermal conductivity. Theoretically, the phonon scattering rate due to point defects can be derived from Fermi's golden rule (Tamura, 1983) or be calculated using Green's functions (Kundu et al., 2011; Katcho et al., 2014) . For 2D crystals, the phonon scattering rate can be roughly estimated by (Klemens, 1955 (Klemens, , 2000 Klemens and Pedraza, 1994) 
where M i , r a;i , and f i are the mass, radius, and fractional concentration of type i atom,M andr a are the averaged atom mass and radius, γ G is the Grüneisen parameter, v is the phonon group velocity, and ϵ is a phenomenological parameter characterizing the relative importance of defect scattering due to mass difference and lattice distortion. In Eq. (3), α ¼ 3 and β ¼ 2.5 for a linear phonon dispersion and α ¼ 2 and β ¼ 1.5 for a quadratic phonon dispersion, respectively. This expression indicates that the high-frequency (short-wavelength) phonon modes are more likely to be scattered by defects. synthesized graphene sheets with different compositions of carbon isotopes 12 C and 13 C and measured their thermal conductivity. A small concentration (1.1%) of 13 C isotopes was found to lead to a 30% reduction in thermal conductivity. Pettes et al. (2015) experimentally studied the effects of isotope scattering on the measured thermal conductivity of high-quality ultrathin graphite samples at both low-and high-isotope impurity concentrations. The measured thermal conductivity of the samples was below the value predicted by an incoherent isotope-scattering model derived from perturbation theory, which was attributed to the effects of multiple scattering of phonons by highconcentration isotope impurities in low-dimensional systems. The effect of isotopes was also studied in other 2D materials, such as h-BN and MoS 2 (Li, Carrete, and Mingo, 2013) , through PBTE calculations. In addition to randomly distributed isotopes, Mingo et al. (2010) employed Green's functions to investigate the possibility of utilizing isotope clusters to tune the thermal conductivity of graphene. As scattering is sensitive to the size of the imperfections, the isotope clusters play a similar role to nanoparticles in bulk materials (Kim et al., 2006) , i.e., scattering low-frequency phonons and thus further reducing the thermal conductivity relative to naturally occurring graphene. The Green's function calculations show that isotope clustering results in a remarkable increase of the scattering cross section and thus a significant reduction of the thermal conductivity (Mingo et al., 2010) .
Equation (3) shows that introducing different kinds of atoms could more effectively scatter phonons than the isotopic counterparts, since it introduces both mass differences and lattice distortion. Indeed, lattice distortion in 2D materials could be quite different from that in 3D bulk materials when other kinds of atoms are introduced. An AGF calculation was carried out to investigate how phonons transmit across a Si defect in graphene (Jiang, Wang, and Wang, 2011a) . With small phonon transmission across this defect, thermal conductivity is largely reduced.
Compared to isotopes and substitutions, vacancies can more effectively suppress the thermal conductivity (Hao, Fang, and Xu, 2011; Zhang, Lee, and Cho, 2011) . For example, MD simulations by Hao, Fang, and Xu (2011) showed that the thermal conductivity of graphene with 1% vacancies is reduced to 10%-20% of unmodified graphenes, while only a reduction to 70% is found when 1% 12 C atoms are replaced by 13 C atoms . Raman-based optothermal measurement of graphene with electron beam irradiation induced defects reveals a thermal conductivity reduction from 1800 to 400 W=mK near room temperature as the defect density is slightly changed from 2.0 × 10 10 cm −2 (0.0005%) to 1.8 × 10 11 cm −2 (0.005%) (Malekpour et al., 2016) . From classical perturbation theory, if a vacancy is modeled as if one atom is removed from the crystal along with all the bonding associated with this atom, the effect of vacancy on phonon scattering rate can be estimated by (Ratsifaritana and Klemens, 1987) 
where G V is the number of atoms per defect, δ 3 denotes the atomic volume, and α and β have the same meanings as in Eq. (3). Recently, Xie et al. (2014) pointed out that this classical model neglected the different characteristics of atomic bonds connecting the undercoordinated atoms, which have fewer neighbors to form bonds due to defects than the atoms in perfect crystal.
B. Heterostructures
Many efforts have been devoted to the synthesis of heterostructures based on a diverse set of 2D materials. Both in-plane and vertical heterostructures of TMDs have been synthesized Gong et al., 2014) . Thermal transport in such heterostructures has yet to be systematically studied, although there are a few studies on graphene/h-BN and graphene/silicene related structures using MD simulations (Kınacı et al., 2012; Jing, Hu, and Guo, 2013; Song and Medhekar, 2013; Zhu and Ertekin, 2014; Gao, Liu, and Xu, 2016; Gao, Yang, and Xu, 2017) and the AGF approach (Jiang, Wang, and Wang, 2011b) .
MD simulations showed that, for in-plane graphene/h-BN superlattices, the thermal conductivity along the direction of the graphene/h-BN interface is sensitive to the type of interface. If the graphene and h-BN stripes are connected by a zigzag edge, the thermal conductivity is larger than if they are connected by an armchair edge . The effect is more pronounced when the width of the stripe is small, but superlattices with both types of interfaces are found to converge to the average thermal conductivity of graphene and h-BN when the stripes are sufficiently wide. When the heat flux is perpendicular to the interface, the thermal conductivity of the in-plane superlattice of 2D crystals initially decreases with a decreasing superlattice period, then increases if the period is reduced further (Zhu and Ertekin, 2014) . The minimum thermal conductivity was found to be at a critical period of 5 nm.
Thermal transport in graphene with embedded hexagonal h-BN quantum dots has been studied using both a real-space Kubo approach , where the phonon transmission is computed through the Kubo formula, and EMD simulations . Both studies showed that the thermal conductivity of graphene with quantum dots is reduced compared to pristine graphene. The reduction of the thermal conductivity is less distinct with larger quantum dots. The minimal thermal conductivity was found at 50% concentration of h-BN quantum dots with radii of 0.495, 1.238, and 2.476 nm.
Inspired by the high power factor of single-layer MoS 2 , introduced the concept of "nanodomains in 2D alloy" (which is an analog of the widely used "nanoparticles in alloy" approach for achieving a high thermoelectric figure of merit in 3D materials) to reduce the thermal conductivity of 2D crystals. The Mo 0.8 W 0.2 S 2 alloy embedded with 10-unit-cell-large triangular WS 2 nanodomains was shown to have only 10% of the intrinsic thermal conductivity of single-layer MoS 2 , due to the strong alloy scattering for high-frequency phonons and the scattering of low-frequency phonons by WS 2 nanodomains. It was found that the minimum thermal conductivity alloy is not necessarily the best matrix material for such nanocomposites to achieve the lowest thermal conductivity, since there is a competition between alloy scattering and nanodomain scattering when the alloy is partially replaced with nanodomains. For some TMD alloys, for example, Mo 1−x W x Te 2 , the thermal conductivity could be further tuned by utilizing the composition-dependent phase transition Qian et al., 2018) .
The thermal conductance across interfaces between two different 2D materials in either vertical or in-plane heterostructures was also investigated. C.-C. Chen et al. (2014) measured the interfacial thermal conductance between vertically stacked graphene and h-BN using the optothermal Raman technique. They found that the interfacial thermal conductance is about 7.4 MW=m 2 K at room temperature and attributed the measured low interfacial thermal conductance of h-BN/graphene to liquid or organic residues. They believed that the interfacial thermal conductance could be enhanced if the lattice mismatch during graphene growth on h-BN was minimized. MD simulations with a transient heating scheme were also performed to mimic the laser heating in the optothermal Raman measurement. An interfacial thermal conductance of h-BN/graphene was found to be 3.4 MW=m 2 K, which is consistent with the optothermal Raman measurement (Zhang, Hong, and Yue, 2015) . The simulations also showed that the interfacial thermal conductance could be increased by raising the temperature, increasing the bonding strength, or introducing graphene hydrogenation. A similar MD study showed that the thermal conductance of a graphene/MoS 2 interface is 5.8 MW=m 2 K (Liu et al., 2015) . The interfacial thermal conductance of an in-plane interface between graphene and silicene was found to be 250 MW=m 2 K using NEMD simulations (B. .
C. Surface functionalization and intercalation
Some 2D materials can be made by chemical functionalization of existing materials. Indeed, many graphene derivatives have been synthesized through hydrogenation, oxidization, or fluorination. Compared with single-layer pristine graphene, the calculated thermal conductivity of hydrogenated graphene (graphane) and fluorinated graphene (fluorographene) with a 100% coverage of the H and F atoms are reduced to 40%-50% (Pei, Sha, and Zhang, 2011; Kim, Lee, and Grossman, 2012; and 35% (Huang et al., 2012) in MD simulations and ∼50% and ∼7% in a firstprinciples-based PBTE study , respectively. The phonon lifetimes of graphane, extracted from MD simulations, were found to be decreased by an order of magnitude compared with those in pristine graphene (Kim, Lee, and Grossman, 2012) . The larger scattering rate is due to the coupling between the in-plane and out-of-plane phonon modes . For some other carbon-based 2D materials, hydrogenation was found to enhance thermal conductivity. This enhancement is thought to be caused by hydrogenation induced anharmonicity reduction from the conversion of sp 2 bonding to sp 3 bonding. Unlike in conventional thin film materials, thermal transport in functionalized graphene can also be tuned through the coverage of the functionalized molecules. When the coverage increases from 0% to 100%, the thermal conductivity generally exhibits a U-shaped curve (Pei, Sha, and Zhang, 2011; Huang et al., 2012; , similar to the dependence of alloy thermal conductivity on its composition. Mu et al. (2014) showed that graphene oxide with 20% coverage has a thermal conductivity lower than the calculated thermal conductivity of graphene according to minimum thermal conductivity theory (Cahill, Watson, and Pohl, 1992) .
Despite the fact that, in most carbon-based materials, the thermal conductivity is reduced after functionalization, Han et al. (2016) showed experimentally that a graphene film deposited on a functionalized graphane could serve as a high-performance heat spreader for electronic chips, which leads to a lower chip temperature than either a graphene film or a graphene film with nonfunctionalized graphane. Functionalization of graphane not only reduces the contact resistance between graphene and the substrate (chip), but also enhances the thermal conductivity of the graphene film by suppressing the substrate-graphene scattering for flexural phonon modes.
In addition to surface functionalization, intercalation is another facile chemical approach to tune the thermal properties of layered 2D materials. There has been a rich chemistry in intercalating 2D materials to form composites or superlattice of layered 2D materials (Wilson and Yoffe, 1969; Dresselhaus and Dresselhaus, 1981; Whittingham and Jacobson, 2012) . Intercalation compounds are formed by the insertion of atomic or molecular layers of a different chemical species (called the intercalant) between the layers of a layered host material, such as graphite, transition metal dichalcogenides, or other van der Waals crystals. When the intercalants are inserted into the van der Waals gap of the layered material, charges can be transferred to the layers of the host materials (Wilson and Yoffe, 1969) , leading to a change in the Fermi level and thus changing the electron density of states close to the Fermi level, which has tremendous impact on the applications in electronics, photonics, and electrochemical energy storage (Dresselhaus and Dresselhaus, 1981) .
Besides changing the electronic properties, thermal conductivity also changes significantly from intercalation. Intercalation can change both the magnitude and anisotropy of the thermal conductivity. The study of thermal conductivity of intercalated compounds can be traced back to the 1980s (Elzinga, Morelli, and Uher, 1982; Issi, Heremans, and Dresselhaus, 1983; Clarke and Uher, 1984) .
To explain the lower lattice thermal conductivity around room temperature, Issi, Heremans, and Dresselhaus (1983) employed the PBTE formalism, which considers the scattering of in-plane phonon modes in the intercalation compound's graphene layers (including phonon-phonon scattering, grain boundary scattering, and defect scattering). By fitting the experimental data to the analytical expressions of phonon relaxation times, they attributed the reduced thermal conductivity to the lattice distortion associated with large-scale defects and the grain boundary scattering. However, the extracted feature size of the grains is about 1 order of magnitude smaller than their experimental observation, indicating that there are additional scattering mechanisms not considered in their model. Recent MD simulations provided atomic-scale insight into the effect of lithium intercalation on the spectral phonon properties of graphite (Qian et al., 2016) . It was found that the intercalation of lithium ions tunes the anisotropy of graphite's thermal conductivity. The basal-plane thermal conductivity experiences a threefold reduction as lithium composition x increases from 0 to 1 in Li x C 6 [ Fig. 11(a) ], while the c-axis thermal conductivity decreases from 6.5 (pristine graphite) to 1.8 W=mK (LiC 18 ), then increases back to 5.0 W=mK (LiC 6 ) when fully charged, as shown in Fig. 11(b) . Figures 11(c) and 11(d) provide a comparison between pristine graphite and lithiated LiC 6 . Li ion vibrations are plotted in gray, while the vibration of the graphite's carbon atoms are plotted in black. Clearly many low energy flat modes are introduced by lithium intercalation, and these modes gradually merge with the graphite host's vibrational modes. This significantly suppresses the in-plane phonon group velocities, reducing the basal-plane thermal conductivity. Such phonon hybridization is also observed in other materials (such as clathrates and skutterudites) with rattler atoms weakly coupled to their host material and found to be responsible for their low thermal conductivity. The nonmonotonic change of thermal conductivity along the caxis direction is explained by two counteractive factors: First, the intercalated lithium ions induce extra electrostatic interaction via the charge transfer process. This enhanced interlayer coupling increases the phonon velocities along the c axis relative to pristine graphite, as shown in Figs. 11(e) and 11(f). Second, the lithium ions also provide extra phonon scattering channels, suppressing the phonon lifetime. These two opposing factors together render the nonmonotonic change in the thermal conductivity along the c axis.
Although many other intercalation compounds aside from graphite intercalation compounds have been synthesized, there are only limited thermal conductivity measurements. TiS 2 -based intercalation compounds have attracted considerable attention due to the large thermoelectric power of bulk TiS 2 crystals (Imai, Shimakawa, and Kubo, 2001 ). Wan et al. (Wan, Wang, Wang, and Koumoto, 2010; Wan, Wang, Wang, Norimatsu et al., 2010; Wan et al., 2011 Wan et al., , 2012 an improved thermoelectric figure of merit. One example is the superlattice ðSnSÞ 1 ðTiS 2 Þ 2 , where the SnS layer is intercalated into the TiS 2 layered crystal. The cross-plane thermal conductivity is shown to be lower than the prediction of the minimum thermal conductivity theory. They attributed this low thermal conductivity to phonon localization due to the orientation disorder of the SnS layers (Wan et al., 2011) .
Organic molecules can also be inserted into the van der Waals gaps. Wan et al. recently synthesized TiS 2 = ½ðhexylammoniumÞ 0.08 ðH 2 OÞ 0.22 ðDMSOÞ 0.03 (an inorganic/ organic layered hybrid material) for thermoelectric applications (Wan, Gu et al., 2015; Wan, Kodama et al., 2015) [ Fig. 12(a) ]. Because of its low lattice thermal conductivity [ Fig. 12(b) ] and relatively unchanged power factor from TiS 2 crystals, the thermoelectric figure of merit is measured to be as high as 0.42, making the hybrid organic-inorganic superlattice a promising n-type flexible thermoelectric material (Wan, Gu et al., 2015) . The measured thermal conductivity of the hybrid material is only one-sixth of that of the bulk counterpart. More surprisingly, the lattice thermal conductivity was only 1=30 of bulk TiS 2 after using the Weidmann-Franz law to extract the electronic contribution. MD simulations were performed to calculate the thermal conductivity of bulk TiS 2 and hybrid organic-inorganic materials and an eightfold reduction of lattice thermal conductivity was found for TiS 2 when intercalated with organic components. This reduction is significantly higher than simple volumetric averaging, indicating that the inorganic-organic coupling plays an important role in the in-plane phonon transport.
The thermal conductivity of lithium-intercalated compounds of cobalt oxide (Cho et al., 2014) and MoS 2 (G. Zhu et al., 2016) were recently measured using the transient thermoreflectance technique. The thermal conductivity of both compounds was found to be tunable with the amount of Li ions intercalated. In particular, intercalation of lithium changes the thermal conductivity anisotropy in MoS 2 (G. Zhu et al., 2016) . The basal-plane thermal conductivity decreases monotonically but the cross-plane thermal conductivity decreases and then increases with increasing lithium composition. This experimental trend was found to be similar to MD simulation results for the lithium-intercalated graphite compounds (Qian et al., 2016) .
IV. SUMMARY AND OUTLOOK
A. Summary
Through a comprehensive survey of a large body of literature, we have answered most of the questions on phonon and thermal properties in 2D materials raised at the beginning of this Colloquium. (a) In general, the phononic thermal conductivity of a suspended 2D material keeps increasing with the sample size even when the size is beyond tens of microns. Some first-principles calculations suggested that it converges when the sample is about 1 mm. However, this has not yet been experimentally confirmed. Strain and crystal structure can significantly affect the scattering of longwavelength acoustic phonons, complicating the thermal conductivity's length dependence. (b) For suspended 2D materials, thermal conductivity decreases with the increasing number of layers because interlayer interactions suppress the flexural modes. For some 2D crystals, the thickness dependence of thermal conductivity can exhibit a different trend due to the distinct crystal structures and the corresponding phonon dispersion and scattering properties. (c) The thermal conductivity of any supported 2D materials is a finite value because of the suppression of flexural modes and the breakdown of the translational invariance. The thermal conductivity of 2D materials and the interfacial thermal conductance can be modulated by a substrate. When the structure of the substrate is very similar to that of 2D materials, the reduction is minimized. Mechanical strain plays an important role in modulating thermal conductivity. (d) Defects and functionalization can considerably reduce thermal conductivity of 2D materials. Intercalation could affect both the group velocities and phonon relaxation times of layered crystals, thus tuning the thermal conductivity along the through-plane and basal-plane directions. Many remarkable achievements and progress has been made in the past decade on phonon and thermal properties of 2D materials including graphene, however, there are still many challenging theoretical and experimental questions that need to be solved. Theoretically, there is no rigorous mathematical proof on whether there exists size dependence of intrinsic thermal conductivity of 2D materials. The modeling of 2D lattices has been limited to the in-plane motion of lattices (Lippi and Livi, 2000; Yang, Grassberger, and Hu, 2006; Xiong et al., 2010; Wang, Hu, and Li, 2012) . This simplification is used because theoretical analysis (e.g., mode-mode coupling) becomes extremely difficult when flexural modes are considered. However, in order to understand thermal transport in realistic 2D materials, the flexural motion should not be neglected. In the meantime, significant progress has been made in the study of heat conduction in a 1D system over the last few decades. With great effort from both mathematicians and theoretical physicists, we now know that thermal conductivity in 1D momentum conserved systems can exhibit anomalous behavior, although more experimental works are still needed to verify this theoretical predication. We hope that this summary of the anomalous heat conduction behavior in 2D systems and 2D materials (even if it is only up to a certain length) in this Colloquium can help attract attention from theoreticians and experimentalists.
Experimentally, only limited techniques are available for measuring thermal conductivity of 2D materials. The optothermal Raman spectroscopy that was used to obtain the first experimental data on thermal conductivity of suspended single-layer graphene has been found to overestimate thermal conductivity. This method relies on two conditions: (1) absorption of laser energy by the materials and (2) the temperature dependence of the phonon peak shift. Any wrong calculation of these two factors could result in a significant systematic error. The first one has been known for many years, however, the second one has only been investigated recently by Vallabhaneni et al. (2016) . In their detailed computational study, Vallabhaneni et al. pointed out that the ZA and ZO phonons that contribute the most to the thermal conductivity of single-layer graphene are indeed out of thermal equilibrium. The temperature of these phonon modes is found to be much lower than the temperature measured from the shift of Raman peak frequency. The latter is assumed to be the equilibrium lattice temperature. This leads to an overestimate of the thermal conductivity by a factor of 1.35-2.6 at room temperature. How to incorporate such theoretical understanding into optothermal Raman spectroscopy to obtain a more accurate measurement of thermal conductivity is an interesting new direction (Sullivan et al., 2017) . 2D materials provide an ideal test platform to study the dimensional crossover of phonon transport. When studying the size effect of 2D materials, in principle we simultaneously change both the width and length of samples to preserve the two dimensionality. However, in experiments it is often more convenient to keep the width fixed and only the length is changed. Indeed this could be an effective way to study the dimensional crossover from 2D to 1D. A transition signature was reported in a recent experiment on thermal conductivity versus length for a suspended single-layer graphene . It could also be interesting to know how many layers are necessary to render a bulk thermal conductivity of layered materials.
Electronic thermal transport
Electrons also carry heat in both metals and semiconductors. In bulk materials, the electronic thermal conductivity and electrical conductivity are related by the well-known Wiedemann-Franz law (Kittel, 2005) . However, in lowdimensional systems, as discussed in this Colloquium, heat conduction becomes anomalous and it is not clear if the Wiedemann-Franz law is still valid. Lee et al. (2017) recently found that at 240-340 K the Wiedmann-Franz law is broken in metallic vanadium dioxide (VO 2 ). There is no doubt that there might also be anomalous thermal transport for electrons in 2D materials.
Electron-phonon coupling
It is known that in both the Raman optothermal method and the other laser heating and probing methods, the heating energy is transferred first from photons to electrons, and then from electrons to phonons through electron-phonon coupling. The electron-phonon coupling determines how much energy can be transferred from hot electrons to phonons. The coupling also determines the temperature of the phonons, if nonequilibrium transport is neglected by assuming a sufficiently long time window in thermal metrology. A better understanding of electron-phonon coupling in 2D materials helps to improve the measurement accuracy of thermal conductivity.
Topological phonon effect in 2D materials
2D materials provide a test platform for the topological phonon effect. The phonon Hall effect was discovered (Strohm, Rikken, and Wyder, 2005; Inyushkin and Taldenkov, 2007) in crystals of paramagnetic terbium gallium garnet, Tb 3 Ga 5 O 12 . These cubic crystals are dielectrics and contain ions that carry both a high charge and a large magnetic moment; both factors may induce a strong coupling to an applied magnetic field, leading to the phonon Hall effect.
A theoretical study by Zhang et al. (2010) showed that on a 2D honeycomb lattice the phonon Hall effect arises due to the Berry phase induced by the band curvature. Moreover, this phase is quantized in the multiples of the Chern number indicating that the phonon Hall effect is intrinsically a topological effect. Additional analysis by Qin, Zhou, and Shi (2012) confirmed that the thermal conductivity in the Hall regime is the same as that of a series of 1D quantum wires, which is consistent with the expectation that a topological material develops nontrivial edge modes.
The phonon Hall effect remains unexplored in many realistic 2D materials, both theoretically and experimentally. In particular, in magnetically ordered materials such as yttrium iron garnet, the presence of strong magnetoelastic spinphonon couplings allows the hybridization of magnons and phonons.
Phononic quantum devices with 2D materials
The novel characteristics of phonons in 2D materials can find applications in an emerging field of quantum engineering. Because of their extremely low mass, 2D materials have been used as a nanoscale membrane to build a nanoscale drum (optomechanical cavity), which enables quantum information storage. Moreover, 2D materials can be used as optomechanical sensors with unprecedented sensitivities. For example, Singh et al. (2014) demonstrated a displacement sensitivity of 17 fm=Hz 1=2 when a multilayer graphene resonator, with Q ¼ 220 000, is coupled to a high Q superconducting cavity. The results show a potential for phonon storage for up to 10 ms, a significant improvement compared with other mechanical resonators such as silicon microsphere (3 μs) (Fiore et al., 2011) , and superconducting aluminum membrane (90 μs) (Palomaki et al., 2013) . In addition to the quantum storage demonstrated by Singh et al. (2014) , propagating phonons can also be used to transmit quantum information when coupled to artificial atoms in the quantum regime (Gustafsson et al., 2014) . These works have opened a new direction of phonons in quantum information and computation (Aspelmeyer, Kippenberg, and Marquardt, 2014; Tian, 2015) .
Anomalous thermal conductivity and the second sound
Another interesting topic worth exploring is whether the anomalous thermal conductivity in 2D materials has any connection with the second sound-a transport of heat in the form of a wave. The second sound is a spatially periodic fluctuation of entropy and temperature. This is different from conventional sound, an acoustic wave that is a periodic fluctuation of mass density and pressure. The second sound concept was proposed (Donnelly, 2009) for helium II where both the normal fluid and superfluid coexist, and has been experimentally observed in hydrodynamic materials such as solid helium (Ackerman et al., 1966) , NaF (Jackson, Walker, and McNelly, 1970; Pohl and Irniger, 1976) , bismuth (Narayanamurti and Dynes, 1972) , and SrTiO 3 (Koreeda, Takano, and Saikan, 2007) at very low temperature. A theoretical question one would naturally ask is whether the second sound exists in 2D materials at room temperature. There have been some theoretical studies along this direction (Cepellotti et al., 2015; Lee, Broido et al., 2015) . It would be interesting to study this experimentally if the speed of the second sound can be probed.
